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1. Conditional regularity results for the Navier–Stokes system
Let Ω be a domain in Rn, n ≥ 3, and let T > 0. On the space-time region Ω×[0, T ]
we consider the Navier–Stokes equations
∂ui
∂t
+ u · ∇ui = ∆ui −
∂p
∂xi
, i = 1, ..., n, (1)
together with the divergence condition
divu =
n∑
i=1
∂ui
∂xi
= 0, (2)
for a velocity field u = (u1, . . . , un) and an associated pressure function p.
Given any smooth initial velocity distribution u0 vanishing on ∂Ω and imposing
the boundary condition
u = 0 on ∂Ω× [0, T ], (3)
we seek to find a smooth solution (u, p) of (1)–(3) for all T > 0 such that u = u0
at t = 0. By work of Leray [15] and Hopf [12] there always exists a global weak
solution u ∈ L∞([0,∞[;L2(Ω)) ∩ L2([0,∞[;H10 (Ω)) to this problem. However, in
contrast to the case when n = 2, where the global existence of a smooth solution
was shown by Ladyzhenskaya [13], [14], for n ≥ 3 so far a smooth solution is
only known to exist for short time. On the other hand, it is well-known that the
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Leray–Hopf solution coincides with the smooth solution as long as the latter exists.
It is therefore conjectured that the Leray–Hopf solution actually is smooth and
provides the desired global extension of the known local classical solution. The
existence problem is thereby substituted by the problem of proving regularity of
weak solutions of the Leray–Hopf type. The situation is similar in the case when
Ω = Rn or in the spatially periodic case where we consider only (1), (2) with
smooth data u = u0 at t = 0 either having compact support or being spatially
periodic.
Throughout the remainder of this paper we focus on the case when Ω = Rn or
when u is spatially periodic.
As was first shown by Serrin [18], under certain additional hypotheses a Leray–
Hopf solution indeed is regular; independently, this was also shown by Ohya-
ma [16]. To state this result we introduce the space
Lr,sx,t = L
s([0, T ];Lr(Ω))
with norm
||u||Lr,sx,t =
(∫ T
0
||u(·, t)||sLr(Ω) dt
)1/s
.
Theorem 1.1. Suppose u ∈ L∞([0, T ];L2(Ω)) ∩ L2([0, T ];H10 (Ω)) is a weak solu-
tion of the Navier–Stokes system (1)–(3), and assume in addition that u ∈ Lr,sx,t
where nr +
2
s ≤ 1. Then u is smooth.
In Serrin’s original work the slightly stronger condition nr +
2
s < 1 is imposed.
The above improvement is due to Fabes–Jones–Riviere [9], Giga [11], Sohr [19],
and von Wahl [25]; the corresponding local regularity result of Serrin was extended
to the limit case by Struwe [22] and Takahashi [23], [24]. In the case r = n = 3,
s = ∞ at first an additional smallness assumption was required which was recently
removed by Escauriaza–Seregin–Sˇvera´k [8], [17]. Further references can be found,
for instance, in [5].
A number of authors have studied similar conditional regularity results involv-
ing either the pressure, or combinations of u and p; see for instance Beira˜o da Veiga
[2]–[4], Chae–Lee [7], or Berselli–Galdi [5]. Note that a rough dimensional analysis
as in Caffarelli–Kohn–Nirenberg [6] predicts the regularity of weak solutions to
(1)–(3) provided either the condition
∇p ∈ Lr,sx,t with
n
r
+
2
s
≤ 3 (4)
or the condition
p ∈ Lr
∗,s
x,t with
n
r∗
+
2
s
≤ 2 (5)
is satisfied.
The following result is due to Berselli–Galdi [5], Theorem 1.1 and Theorem 3.3;
some technical improvements were later obtained by Zhou [26].
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Theorem 1.2. Suppose u ∈ L∞([0, T ];L2(Rn)) ∩ L2([0, T ];H10 (R
n)) is a weak
solution of the Navier–Stokes system (1), (2) with associated pressure p. Also
assume that one of the following conditions is satisfied:
i) The pressure satisfies (5) with 1 ≤ s < ∞.
ii) The pressure gradient satisfies condition (4) with 1 ≤ s ≤ n.
Then u is smooth.
Berselli–Galdi remark that one obtains regularity also in the limit case p ∈
L
n/2,∞
x,t , provided the corresponding norm is sufficiently small; see [5], Remark 1.3.
In the case when the spatial dimension is at most 4, Zhou [27], [28] recently
was able to remove the restriction on s in the second part of Theorem 1.2. Here,
at least for finite values of r, we extend his result to arbitrary dimensions n ≥ 3.
Theorem 1.3. Let n ≥ 3. Suppose u ∈ L∞([0, T ];L2(Rn)) ∩ L2([0, T ];H10 (R
n))
is a weak solution of the Navier–Stokes system (1), (2) with associated pressure p.
Assume ∇p satisfies condition (4) with n/3 < r < ∞, 2/3 < s < ∞. Then u is
smooth. The same result also holds when u is spatially periodic.
Conceivably, Theorem 1.3 holds true on a general domain. In fact, part ii) of
Theorem 1.2 remains valid in this case; see [5], Theorem 3.3. However, similar to
Berselli–Galdi [5], Zhou [26], [28] our proof of Theorem 1.3 requires the estimates
||p||Lq ≤ C||u||
2
L2q , 1 < q < ∞, (6)
and
||∇p||Lq ≤ C|||∇u||u|||Lq , 1 < q < ∞, (7)
which only seem to be available when either Ω = Rn or in the periodic setting. In
these cases these estimates easily follow from the Caldero´n–Zygmund inequality
applied to the equation
−∆p = div(u · ∇u) =
n∑
i,j=1
∂i∂j(u
iuj)
resulting from (1) and (2). Note, however, that by work of Solonnikov [21] and
Sohr – von Wahl [20] space-time estimates analogous to (6), (7) hold on a general
domain. In particular, for u ∈ L∞([0, T ];L2(Rn)) ∩ L2([0, T ];H10 (R
n)) we have
bounds for ∇p in Lr,sx,t with exponents satisfying
n
r +
2
s = n+1, and similarly for p
in Lr
∗,s
x,t with exponents satisfying
n
r∗ +
2
s = n. By interpolation, therefore, in the
following we may always assume that (4) or (5) hold with equality.
2. Proofs
Let u be a smooth solution of the Navier–Stokes system (1), (2) on Rn × [0, T ].
We propose to establish a-priori bounds that will allow to extend u for all time.
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Upon multiplying equation (1) with u|u|θ−2 for some number θ ≥ n and inte-
grating by parts, thereby observing (2), we obtain the well-known identity
1
θ
d
dt
∫
Rn
|u|θ dx +
∫
Rn
|∇u|2|u|θ−2 dx +
4(θ − 2)
θ2
∫
Rn
|∇|u|θ/2|2 dx
= −
∫
Rn
u · ∇p|u|θ−2 dx =: I(t)
(8)
for 0 < t < T . 1
Let v = |u|θ/2. Provided that we succeed in bounding the time integral of I(t),
equation (8) will yield a bound for v in the space L2,∞x,t ∩ L
2([0, T ];H10 (R
n)). By
Sobolev’s embedding theorem then v also is bounded in the space L2,∞x,t ∩ L
2∗,2
x,t ,
where 2∗ = 2nn−2 . By interpolation, finally, v will be bounded in the scale of spaces
Lp,qx,t for any pair of exponents p, q such that
n
p
+
2
q
=
n
2
, 2 ≤ p ≤ 2∗, 2 ≤ q ≤ ∞, (9)
and for any such choice of exponents with a uniform constant C = C(p, q) we have
||v||2Lp,qx,t
≤ C(||v||2
L2,∞x,t
+ ||∇v||2
L2,2x,t
) ≤ C(||v0||
2
L2 +
∫ T
0
I(t) dt). (10)
If θ ≥ n, now (10) implies that u ∈ Lr,sx,t for any pair of exponents r, s ≥ n satisfying
the condition nr +
2
s ≤ 1, and regularity of u follows from Theorem 1.1. It therefore
remains to bound I(t) in terms of ||v||2
Lp,qx,t
for a suitable choice of θ ≥ n, p, and q.
Given exponents r and s satisfying (4), we can attempt to bound
I(t) ≤
∫
Rn
|∇p||u|θ−1 dx (11)
and then ∫ T
0
I(t) dt ≤
∫ T
0
∫
Rn
|∇p||u|θ−1 dxdt
≤ ||∇p||Lr,sx,t ||u||
θ−1
L
(θ−1)r′,(θ−1)s′
x,t
≤ ||∇p||Lr,sx,t ||v||
2 θ−1
θ
Lp,qx,t
,
(12)
where r′ and s′ are conjugate to r and s, respectively, with
1 =
1
r
+
1
r′
, 1 =
1
s
+
1
s′
,
and where θ is chosen so that the exponents
p = 2
θ − 1
θ
r′, q = 2
θ − 1
θ
s′ (13)
1 The idea of using powers of the unknown function u as testing functions already appears
around 1960 in the work of Moser on Harnack’s inequality for elliptic and parabolic equations.
Not surprisingly, also equation (8) in the context of the Navier–Stokes equations is known since
the 1970’s. It explicitly appears, for instance, in the the work of Galdi–Rionero [10] or Beira˜o da
Veiga [1].
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satisfy (9). Note that the conditions 2 ≤ p ≤ 2∗, 2 ≤ q ≤ ∞ impose the constraints
nθ
n + 2θ − 2
≤ r ≤ θ, 1 ≤ s ≤ θ (14)
on any admissible choice of r and s. Moreover, equations (9) and (13) yield
n
r
+
2
s
= (n + 2)−
(
n
r′
+
2
s′
)
= (n + 2)− 2
θ − 1
θ
(
n
p
+
2
q
)
= 2 +
n
θ
,
and equation (4) implies θ = n.
The second assertion in Theorem 1.2 now follows easily. Observe that we do
not use either (6) or (7).
Proof of Theorem 1.2.ii) [5]. Choosing θ = n, for any pair of numbers r and s
satisfying the conditions (4) and (14), equation (13) defines an admissible pair p, q
satisfying (9). We then may use equation (10) and (12) to obtain
||v||2Lp,qx,t
≤ C
(
||v0||
2
L2 + ||∇p||Lr,sx,t ||v||
2 n−1
n
Lp,qx,t
)
. (15)
Since n−1n < 1, the estimate (15) implies that ||v||
2
Lp,qx,t
is a-priori bounded for any
time T . As observed above, regularity of u then follows from Theorem 1.1. ¤
Estimate (15) clearly can be improved. Also using the bound (7) with q = 2
and observing that the term |||∇u||u|||2L2 may be absorbed on the left of (8) when
θ = 4, in [28] Zhou was able to extend the admissible range of exponents r and
s to the full range of exponents as given by (4). However, since we require that
θ ≥ n, this approach only seems to work in dimenions n ≤ 4.
As an alternative to (11), for 0 < t < T , θ ≥ n we may also integrate by parts
and use (2) to estimate
I(t) ≤ (θ − 2)
∫
Rn
|p| |∇|u|| |u|θ−2 dx
≤
2(θ − 2)
θ
(∫
Rn
|p|2|u|θ−2 dx
)1/2(∫
Rn
|∇|u|θ/2|2 dx
)1/2
.
(16)
Combining the above two ways of bounding I(t), we can now extend Zhou’s
result to arbitrary dimension n ≥ 3.
Proof of Theorem 1.3. We may assume that r ≥ n. Indeed, by the Gagliardo–
Nirenberg inequality for r < n we have ||p||
Lr
∗,s
x,t
≤ C||∇p||Lr,sx,t , with r
∗ satisfying
1
r∗ =
1
r −
1
n . Therefore the case r < n already is covered by Theorem 1.2.i).
For 0 < t < T , θ ≥ n we use (11) and (16) together with Young’s inequality
|ab| ≤ 3δ−4/3a4/3/4 + δ4b4/4 for a, b ∈ R, δ > 0 to estimate, with constants
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C = C(θ),
I(t) ≤ C
(∫
Rn
|∇p||u|θ−1 dx
)1/2(∫
Rn
|p|2|u|θ−2 dx
)1/4(∫
Rn
|∇|u|θ/2|2 dx
)1/4
≤ C
(∫
Rn
|∇p||u|θ−1 dx
)2/3(∫
Rn
|p|2|u|θ−2 dx
)1/3
+
2
θ2
∫
Rn
|∇|u|θ/2|2 dx.
(17)
Applying Ho¨lder’s inequality with exponents θ+24 and
θ+2
θ−2 and then using (6) with
exponent q = θ+22 , we have∫
Rn
|p|2|u|θ−2 dx ≤ ||p||2
L
θ+2
2
||u||θ−2
Lθ+2
≤ C||u||θ+2
Lθ+2
. (18)
Similarly, we can bound∫
Rn
|∇p||u|θ−1 dx ≤ ||∇p||Lr ||u||
θ−1
L(θ−1)r′
, (19)
where again r′ is conjugate to r. Choose θ so that
(θ − 1)r′ = θ + 2, (20)
that is,
1
r
= 1−
1
r′
= 1−
θ − 1
θ + 2
=
3
θ + 2
. (21)
Then we have
θ = 3r − 2 ≥ 3n− 2 > n,
and we arrive at the estimate(∫
Rn
|∇p||u|θ−1 dx
)2/3(∫
Rn
|p|2|u|θ−2 dx
)1/3
≤ ||∇p||
2/3
Lr ||u||
θ
Lθ+2 = ||∇p||
2/3
Lr ||v||
2
L2
θ+2
θ
.
(22)
Note that (21) and (4) yield the equation
s =
2(θ + 2)
3(θ + 2− n)
.
Choose
p = 2
θ + 2
θ
, q = 2
θ + 2
n
, (23)
satisfying (9). Observe that with this choice of q the exponents 3s/2 and q/2 are
conjugate. Absorbing the last term in (17) on the left of (8) and integrating in
t, by Ho¨lder’s inequality with a constant C1 = C1(r) from (10) and (22) we then
obtain
||v||2
L2,∞x,t
+ ||v||2Lp,qx,t
≤ C
(
||v0||
2
L2 +
∫ T
0
||∇p||
2/3
Lr ||v||
2
Lp dt
)
≤ C1
(
||v0||
2
L2 + ||∇p||
2/3
Lr,sx,t
||v||2Lp,qx,t
)
.
(24)
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Since s < ∞, by absolute continuity of the Lebesgue integral for any T0 < ∞
we can find a uniform number 0 < T < T0 such that C1||∇p||
2/3
Lr,sx,t
< 1/2 for any
interval J ⊂ [0, T0] of length T . Covering [0, T0] with finitely many such intervals
and iterating, from (24) we then obtain the bound
||v||2
L2,∞x,t
+ ||v||2Lp,qx,t
≤ C||v0||
2
L2
on [0, T0]. Since θ > n, we may again invoke Theorem 1.1 to conclude that u
extends smoothly to [0, T0]. ¤
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